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1 Collatz Problem

In this paper, we consider some holomorphic functions connected with the Collatz problem. The Collatz
problem (or conjecture) is well known under the name 3n+1 problem:
Take any positive integer ». If #n is even, replace it by g; if » is odd, replace it by 3n+1. Show that after
finitely many such steps, this process reaches the number 1.

We bring odd numbers into focus. For non-zero integers, we define a function ¢ as follows: For a non-zero
even integer 7, ¢ (#) is a unique odd integer m such that
n=2*n (HEk=1,2, --),
for an odd integer #, ¢ (%) is a unique odd integer m such that
Int+l1=2*m Hk=1,2, ).
Let OZ be the set of all odd integers. Then the above function maps
¢ Z\ {0} - OZ(c Z\ {0}),
and we call the restriction (to OZ)
¢: 0Z — 0OZ
the Collatz function.
The Collatz problem asserts that, for each positive odd integer », we have a positive integer £ such that

¢*(n)=1.

Now, we can easily compute the inverse image of the Collatz function ¢: OZ — OZ.

Fact 1 For Vk € Z, we have
¢ 1 (6k+1)= {4"Bk+1)+4"'+--+44+1 € OZ | n=0,1, 2, -}
¢ bR+ =¢
¢ (6k+5)= {4"(4k+3) +4"'++4+1 € OZ | n=0,1,2, -} .

2 Some holomorphic functions on C

Here, we construct some holomorphic functions which agree on all positive odd integers with the Collatz
function ¢. We define a meromorphic function

G(z):=2m_0d 2m+1) ((Z_Z:n_l)z_ (2m1+1)2) in C,

and a holomorphic function

F(z):= <$ cos? 7:72> G(z) on C.

From Fact 1, we see easily that, for all z € C,

e 1 1
Gl2)=2 2 (6k+1) <(z—(4"(8k+1)+4"“+---+4+1))2_(4"(8k+1)+4’H+---+4+1)2)
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+2 % (6k+5) <(z—(4"(4k+3)+4"“+---+4+1))2_(4"(4k+3)+4"‘1+---+4+1)2> :

This meromorphic function G (z) has the Laurent expansion

¢ @n+l) S @2un+l) 1 1
Gl = a7 @t D)2 T, ® T D o=

s (k) (5 glam+l)

>1 2442 nrtsz(m—.n) kt2

> (z—2n—1)*%
around 2#+1in C (=0, 1, ---), and

F(z)Z%(l—cosn(z—2n~1))G(z) on C.

Fact 2 For the entire function F (z), we have the following:

(1) F2n+1)=¢(2n+1) for each non-negative integer #, and
F2r+1)=0 for each negative integer n.

(2) FF2r+1)=0 for each integer #.

Now, we also define

P )
Kp(Z)i'_—% cos?? ?ano(z—(gztgw on C (p=2,3, )

and

p . ¢
Ly(z):= —% cos?Zsingz 3 (2n+1) on C (p=1,2, ).

T 2 Sz—2n—1)2p4}

Fact 3 The following identities hold:

(1) Kp@2nr+1)=L,2n+1)=L,2n+1)=¢(2n+1) (»=0,1, 2, p=2,3, --), and
K,2n+1)=L,2n+1) =L, 2n+1)=0 (n=-1, =2, -, p=2,3, ).
@) Ky@n+1)=L,2n+1) =L, 2n+1) =0 (n € Z, p=2,3, ).

And we have

(sinzz) F'(z) —n (cosmz —1) F(z) =2z, (2)

(Vz € O).
(1+cosnz) F” (2) +2x (sinzz) F' (z) + (2—cosnz) n2F (z) =3x%K, (z)

We note that the function y (z) =coszz+1 on C satisfies the differential equations
{ (sinzmz)y’ (z2) —w(cosmz — 1)y (z) =0

(1+cosmz)y” (z) +2x (sinnz) y" (2) + (2—cosnz) n2y (z) =0.
Further we have, for all z € C,

(sinwz) K, (2) —px (cosmz —1) K, (2) =2pnL,(z) (p=2,3, -9

(sinzz) L (z) — 2 ((p+1) cosmz—p) Ly (2) = —%ﬂ(com—nmﬂ (2)

(p:ll 2’ )
The function y(z) = (cosmz+1)? on C satisfies the differential equations

{ (sinmz)y’ (2) —pz (cosmz —1)y (z) =0
(sinzz) y” (2) —x (pcosmz—p+1)y (2) =0 (p=1,2, ).
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3 Attractive fixed points and the Fatou set

Here we state some propositions concerning the Fatou set and the Julia set of the entire function F (2).
First, for Y2 <0 in R we find that

= 1 1 = 1 1
0>Gx) =32 ¢ (4m+1) ((x—4m—1)z (4m+1)) 2 gdm+3) <(x—4m—3)2 (4m+3)2)

1 5 5., 1 1, 1 _u, 7 7. 17 11

P Mo 3 B0 5 =0 =2 9 (l—x)? 117

3. 9-x) 7. 7 3 (1-x 17, 17
161025 35T i—x 8% 11 w4 Tili—x)

because
= 1 1 @ ] 1
0> 2 ¢Um+1) (( —am =D (4m+1)) Z 8 Wm+3) ((x—4m—3)2_(4m+3)2)
1 @ 1 1
2 (3m+1) <(x—4m—1) 4m+1 ) 2, (6m+5) <(x—4m—3)2_(4m+3)2)

341 3441 645 6145
>/ (x 4-1)7 (41+1)? ) dt+/ (x 41—3)° (4t+3)2) dt
3, (9—x) 7 7 3 (l-x) 17 17
=168 9 36Tq0-n 8% 11 44 1l-z"

Fact 4 We have the following:
(1) F(x)>0 for vx>0in R.
4 .23 1 5 5 1 1
@ 02F(022; (COS =) <(1—x)2 e 2t = 5
11 1, 7 7 17 17
Tt it e e a0 1

3. (9-x) 7 73 (11 x) 17 17
1698 g5 36T10-x 81 i 44+4(11—x))

for Vx<0 in R.
The Taylor expansion of G{(z) around 0 in C is

_ 2m+1

—9 <”§0¢(2m+1)) 2+

o @m 1)) 413 (2 ) 2

m>0 (Zm +1)4
and

F(z )—7%(1+cosnz)G(z) on C.

Proposition 1 For the entire function F (2), we have the following:

(1) 2=0 is a repelling fixed point of F (2} such that 1.024<F’(0) <1.07, where

vy 8 S 2ntl)
F0) =220, 1)

=0
SEYS 6k+1 NEL 6k+5
F 2 D @GR 4 T T A e (kT 3) T4 T F AT D)

(21.04 -+ derived by computer.)

(2) z=1 is a superattractive (namely F’(1)=0) fixed point of F(z).

(3) There exists an attractive fixed point 2o (€ R) of F(z2) such that — <zo<0

Further, around 2»z+1 in € (#=0, 1, --) we have
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F(2)=¢@2n+1)

2 2n+1) D, (—1)" ((2m1+1)!+(2n+1)21”2(2m)!) 227(z—2n—1)2m
+7%(1_°°S”(2_2”_1))m§>o¢(2m+1) ((z—zrln—1)2—(2ml+1)2) :

From the above expression, for V#=90, 1, 2, --- we can compute that

| F(z) - F@2n+1) | <62n+1)z%(z—2n—1)% if | z—2n—1 | <—71;‘

Proposition 2 Every positive odd integer is in the Fatou set F (F) of the entire function F(z). Moreover, for
Vn=0,1, 2, - we have

1

{z e C\l z2—2n—1| <—12”2(2n+1)

} C F(F).

Fact 5 From Fact 4 (2) we have
(1) 0>F(x)>x+1 for vx<—1in R.
(2) The composite F* of F satisfies
0>F"(x)>—1 if0>x>—n—1in R (Vn=1,2, ).

Proposition 3 Every negative odd integer is in the Julia set J (F) of the entire function F (z). Moreover, we
have

J(F) N (=00, 0]=U,5F"(0) N (=00, 0].
By THEOREM 3.1 of [1], we have the following:

Proposition 4 Every component of the Fatou set of F(z) is simply connected.
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