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l CollatzProblem

lnthispaper,weconsidersomeholomorphicfunctionsconnectedwiththeCollatzproblem.TheCollatz

problem (orconjecture)iswellknownunderthename3n+lproblem:

Takeanypositiveintegern･Ifniseven,replaceitby昔;ifnisodd,replaceitby3n+llShowthatafter
finitelymanysuchsteps,thisprocessreachesthenumber1.

Webringoddnumbersintofocus.Fornon-zerointegers,wedefineafunction¢asfollows:Foranon-zero

evenintegern,¢(n)isauniqueoddintegermsuchthat

n-2km (]k-1,2,-),

foranoddintegern,¢(n)isauniqueoddintegerm suchthat

3n十1-2km (]k-1,2,-).
LetOZbethesetofalloddintegers.Thentheabovefunctionmaps

¢:Z＼〈0) - OZ(⊂Z＼〈0)),
andwecalltherestriction(toOZ)

S:OZ i OZ

theCollatZfunction.

TheCollatzproblemassertsthat,foreachpositiveoddintegern,Wehaveapositiveintegerksuchthat

が (n)-1.

Now,wecaneasilycomputetheinverseimageoftheCollatzfunctioni:OZ - OZ.

FactlForVkEZ,wehave

i-I(6k+1)- (4n(8k+1)+4n-I+･-+4+1EOZIn-0,1,2,･-)
¢~1(6k+3)-¢
4-1(6k+5)- 〈4n(4k+3)+4n-1+-+4+1∈OZIn-0,1,2,-･)

2 SomeholomorphicfunctionsonC

Here,weconstructsomeholomorphicfunctionswhichagreeonallpositiveoddintegerswiththeCollatz

functiond.Wedefineameromorphicfunction

G(Z):-E==oS(2m+1) (zlZmll)2 (2m+1)

andaholomorphicfunction

F(I):-(岩 cos2号)G(I)onCI
FromFact1,weseeeasilythat,forallIE C,

G(I)-真義 (6k･1)(

玩 )inC,

(Z-(4n(8k+1)+4n-1+-+4+1))2 (4n(8k+1)+4n~1+-+4+1)
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･ゑゑ (6k･5)((I-(4n(4k+3)+4n~1+-+4+1))2 (4n(4k+3)+4n-1+-+4+1)

ThismeromorphicfunctionG(I)hastheLaurentexpansion

G(I)-て空莞 諾 う一号袈 詳 +n.E,.描 -･1)(す嘉 一て嘉 )

(k+1)
k712々+2+∑ (n.E,o霊笠 置 )(I-2n11)A

around2n+1inC (n-0,1,.･･),and

F(I)-去(1-cos方(I-2n-1))G(I)onC･

Fact2FortheentirefunctionF(I),wehavethefollowing:

(1)F(2n+1)-i(2n+1) foreachnon-negativeintegern,and

F(2n+I)-0 foreachnegativeintegern.

(2)F'(2n+1)-0 foreachintegern.

Now,wealsodefine

Kp(I)‥-芸 cos2P写真 て禁 轟 onc (p-2,3,-)

and

Lp(I):-一言両 COS2争 n禎 (2竺Ynn_'1‡)29.I0nC (p-1,2,-)･
4P

Fact3Thefollowlngidentitieshold:

(1)Kp(2n+1)-Lp(2n+1)-Ll(2n+1)-¢(2n+1) (n-0,1,2,川,9-2,3,-･),and
Kp(2n+1)-Lp(2n+1)-L,(2n+1)-0 (n--1,12,-,9-2,3,･･･).

(2)K;(2n+1)-L;(2n+1)-L'1(2n+1)-0 (n∈Z,p-2,3,-).

Andwehave

(simrz)F'(I)-7r(cos7rZ-1)F(I)-27ELl(I)

(1+cos7rZ)F′′(2)+27r(sin7rZ)F'(I)+(2-cos7rZ)7r2F(I)-37r2K2(I)

Wenotethatthefunctiony(I)-cos7rZ+1onCsatisfiesthedifferentialequations

(sin7rZ)y'(I)- 7r(cos7rZ-1)y(I)-0

(1+cos7rZ)y"(I)+27r(sin7rZ)y'(I)+(2-cos7rZ)7r2y(I)-0.

Furtherwehave,forallIEC,

(sin7rZ)K;(I)-97r(cos7rZ-1)Kp(I)-297ELp(I)

(sinnz)L;(I)-n((A+1)cosnz-P)Lp(I)--iZAiijl(cosnz-1)Kp.1(I)2

Thefunctiony(I)-(cos7rZ+1)PonCsatisfiesthedifferentialequations

(sin7EZ)y'(I)-P7{(cos7rZ-1)y(I)-0

(sin7rZ)y"(2)-7r(Pcos7rZ-P+1)y'(I)-0
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3AttractivefixedpointsandtheFatouset

HerewestatesomepropositionsconcerningtheFatousetandtheJuliasetoftheentirefunctionF(I)

First,forVx<OinRwefindthat

ゑ4(4-･1)(0>G(x)-∑¢(4m十1)
1 1

お )十ゑ4(4-十3)((x14m-3)2 (4m+3)1･.詞
17

･て古 -1+て吾嘉 一妄十て己打 妄+て亨等 丁 半+て百方 -慕+てi缶 一再

一志logi93 -孟+すお 一言lo将 -芸十才& ･

because

o,ゑ4(4-･1)(
1 1

(x14m11)2 (4m+1)
･真 (3-･1)(
･/;(

(x14m11)
3g十1 3才+1
(x14t-1)2 (4t+1)

)十真4(4-･3)(
k )+真 (6-･5)(

)dt+/≡(

i)2(4m+3)2
1 1

(x-4m13)2 (4m+3)

6才十5 6才+5
(x14t13)2 (4t+3)

-一孟 log等 一孟 十議 了｢ 言log雪害 一芸 十毒 気

Fact4 W ehavethefollowing:

(1) F(x)>O forVx>OinR.

(2) 0≧F(x)≧S (cosz晋 ) (て古 -1･毒 -妾+て古 寺

･毒 一半十てすさ打 妄十て諾 評 一再
17

1孟log旦詳 一孟+すお 一言log雪 害 一芸+有蓋 )

TheTaylorexpansionofG(I)around0inCis

G(I)-kgl(k･1)(mq｡舌禁諦 )ZA

-2(雲｡千三禁 詳 ) Z十3(mq.千三禁 詳 )22十-･･

and

F(I)-孟(1+coswz)G(2) onC･

Proposition1FortheentirefunctionF(I),wehavethefollowing:

(1) I-0isarepellingfl'xedpointofF(I)suchthat1.024<F′(0)<1.07,where

F,(0)-頴 ｡標 詳

ご･.∑日宇 ､
6k十1 .8三 三 6k+5

(4n(8k+1)十4n- 1十-+4+1)

forVx<OinR.

(4n(4k+3)+4n-i+I.･+4+1)

(-1.043･･･den'vedbycomputer.)

(2) I-1isasuperattractive(namelyF′(1)-0)舟edpointofF(I).

(3) ThereexなおanaHractiue舟edpointz｡(∈ R)ofF(I)suchthat一基<Z｡<o･

Further,around2n+1inC(n-0,1,･･･)wehave
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F(2)-¢(2n+1)

･2i(2n･1)≡-≧1(-1)m(豪 打 +(Zn+1)27r2(2m)

･f2(1-cosn(2-2n-1))n+監oe(2-･1)((I-2m-1)2 (2m+1)

7r2m(212n-1)2m

-7& ).

From theaboveexpression,forVn-0,1,2,･-wecancomputethat

lF(I)-F(2n十1)I<6(2n+I)K2(I-2n11)2 ifl212n-1l<土.7r

Proposition2EveりPositiveoddintegerisintheFatousetF(F)oftheentirefunctionF(I).Moreover,for

Vn-0,1,2,･･-wehave

(zE Cll
I-2n-1f< ⊂F(F)

Fact5From Fact4(2)wehave

(1)0≧F(x)≧x+1 forVx≦-1inR.

(2)ThecompositeFnofFsatisfies

O≧Fn(x)≧-1 ifO≧x≧-n-1inR (Vn-1,2,-･).

Proposition3EveyynegativeoddintegerisintheJuliasetI(F)oftheentirefunctionF(I).Moreover,we

/LLLt.ど

J(F)∩ (-∞,0]-∪刀,OF~n(0)∩ (-∞,0].

ByTHEOREM 3.1of[1],wehavethefollowing:

Proposition4Eveyycomz)onentoftheFatousetofF(I)issimplyconnected.
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